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\{ww Lg [)ace

Real vects¥ tpace V 6 o von-emphy sek of objects called vechws
safisfying +he following oxieme

. T# wwvw EV then u+v €V = V is closed under
vedor  addihion

2 TP CER anhugV tmen (wEV DV iy cosed uwder cealar
mu\hp\im’dm

L WXV = V+tu
Ut [rewd) =) +w
2. O+u=u+d = w

k. For each u +theve 8 o unigue  vedor -u tuth  Yaat
Wtew) > EFU)tu = o

€ qluv) = qur v
6 C4du= (Ut Gu

7 Tu=u



1. Set of all ceal no.s T associated with addihon owd sealar
mu\Hy\icah’m of vea\ nos

2- Sef of all complex no.s € associated with addibon ond
tcalar mulkiplication of complex no.g

3. Sef of all polwnomials R,(w) with veal coefficients atsociated
with addibon and mulkiplication  of polynomiale

¢ Sek of all veckste of dimemdmn n written as R astouiated
with the oddition and sealar mutiplicaion as defined For
n- dimensimal vecture

€. Ser of all wAndrices of dimensin mxn  agsouated wivh
addihm and Saalor wmutipicahm ot defined for wakvices

Ol Prove Yhal Mae cet of all  2<2 waliices  associoted wWith e

addifn  ond scalax wmulplication of  2x2 wakvices s a
veckesr  cpace

) Addifion ]
e A=| & h}_, P"-_[A‘ B] ¢ ¢ hlA“e‘é_x:_
¢ ddg, S R .
A-kn‘:[ouca‘ bl —> closed under 212
ctc>  d+d’ ), ., makrices

7.) Lealar MUL\HP\imﬁfY\
Lt r= conctant Cscalar)
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D (ommutativity
A+a‘=[a bl‘\- [m b’]—.{a*a‘ uQJ
¢ d AN 4 tte’ ad+d’
:[o\’ b’ +):o~ ]= A R
d o C

b
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k) PcsSociahvila
(A+aY4A" = p+ (A«a™)

o+ b*b‘]‘_ {:n“ L"] : [ & L] +[o\’+a“ b 4L
(B XAN, FY, b Mt AN « d +e" 4d"

4

akal+a" bl 4L ] c[oxa'+a" bt 4" J
ek 4" ded 44" | ek 4" ded 44"
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Y [ sa b = 8 [ro\ b
s sd ¥ vdd
[rsu veb - [rgo\ reb )
vsc  red vsc  red |

G) levo  vechsy
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7) Negodive  vechr

A+ -A =0

Looslef2 gl 2[00

8) D\'S’m‘b\AHV(m 0f tum of watvices

‘(Lo s)t e 8D ="

= vatra? vhavb ) = T):G'\ L] t ¥[a' W
C 4 ¢ o
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‘D Dis’wi\ouhv\'{—a of fuwm¢ of Scalave

(rﬂ)[q b = | ro+sa b+ Sh
c d } [

cC+SC v +td
~¢[aebY]t 8{ a b
('co\l Y/c. 4
(o) Maulkiplicabion by |
(| & b | = o b
,:c o(] [L d]

Q2 Show Haat e e+ of all po\\ar\omio«\s of dearee Nne?
astociated with addihen and  Scalar Mu\HP\icahsv\ Lorm
a vechy s?ace

e oddihm of ot&nomia\s of degree £ 2 vetulh in
0 polynowia of de%ae ¢3

Yhe mu\Hp\icaHm of po\aﬂomia\s of Aeﬁree $3 with Salar
veulks  in Po\nbr\ome\ of derarce L2

" re.maimv\a 8 wndihms alto ca’ds&é



Br. Show YHaak e set of W\\-eﬁem occociated with oddibhon and
mulh‘y\(mh’m Bn 0 vzal aumber & nok a4 vechw space

addibom  Of int with  real no. & ot always  on int
Lg‘. 2¥\Vs = 2+\r§ f Z

Bk - VLriFﬂ whether V& o vector space

v;{[x]; % 20, Y20, x,“er.ﬁ
J

9 csure — holde ﬁooA
z.) ascouiohve — holds good

) 2erv vk - does nor- old
RN ETN B
gy

Bs. VWEP\O W Wi a vedw space

{5l
RN N

- not o vechy S?qce



Subsrace

) nonemphd subtel of o vedhr tpace is called a
&Lbs?ace of vV if W& el & o veck space wnder  Mae

same operatis C addinm, scalal mulbiplicakim) ot defined
in 0 vechr space

exa w\p\e

D 0 €W (zero vechyr a\mtﬁs belgvge to o subypaced

D if wv EW, wiv EW

)] if ¢ is Swalar and W EW, wwEW

I£ Voand W are 4vo subspaces of o vechy space V| Haen
UNW i alio a subspace of VvV

0 &V and O0EwW (snee they acre subspaces)

« Totertechmn of any vumber of substpa ces oF Vit a subspace
of V

tdnelon Form i( Row- Reduced Tewelon Fovm

unit ‘L) P 4



fivolr Variabes and Free Variobles

Rx =0

o - vy o
DR V| "o
© 0 w o

Y
3 4¢)

©
0

O o W

columnt [ 4 3 howve pivelk D UG w are pivol variables

- olumnt 2 % 4 have no pivels =D viy Ore free variavles

RANK o A MATRIR

* no. of nonzers vowe in echelon frm U of B, denoted by
piny or ¥

. umi+|,pall

OL. Find ) echelon form

G RR  edhelon fym &
() Rank

AR ENr ada T RIS IV
-2 2 o &

‘ R -_9‘/8V\”
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yow\_ f[k): 2 [ ( 3] R\“?RI‘BRL)ZI Ol &
o | 0 |
07. Find () echelon Hym U

ad) R athelon fym &

() Rank
S -3
P«-—[QG 2] b2k hk';[& b -2 - u
3 2 ¢ o -l N
YonlL = 2

V\-L“) '\/| ‘lq, l K(—_; \/29“|
%
(

]

R:[I p RJ ,R,—ak.—SR,_ [ \

o | -4 b

08. Find () echelon Hym
ad RR  ethelon fym &

() Rank

= | Q C . | R, &~ 2R L -2 4

4 .1 0 5 -lo

6 - 2 R2R-3Ry | 6 5 o

wonL = 2

2 R Y@ 2 - Y
' ] rd 2 YRy ° ] =ip
O o O o v [»] 0

R‘QR\'('KL



09. Find ) echelon Hrvym U

ad RR  ethelon Hym &
) Rank

Az | =L 7] R P t3l -1 g R O V2 \
3 > | p | =V —
I S S8 CUT F:

f(&)=|

Bu.Find () echelon fym U
D R  ethelon fym &
(1) Rank

o= [_7_ 2 1] = v LMDE\ 32 Y]

foank = f['p,‘) = |

G Solve the -Pollow{v\Q System of LE laﬂ 'w\eV\HFai:\& pivot
ond free  variobles.

At Qtaf‘?ﬂ—:q
QY -2z= -4
VYAt '-1-3 t1=7

A e T
zla o -2:-2 | ——70 -4 -%: -
L S I | Rg2Ry 2R o -4 -8 -20

‘ Ks"’a Rz~ R



f(m = f(ﬁ‘-b) =2 <3 ‘I’

( L/ 3: 9
v consittent infinite Solukions o -4 -8- -20

Free  variades:
‘:ival— vaytables - 1“6

RO
Li1of2] i) (2

et 2=l (free variades)

ey —8W =20 L4 ALS-A) r3w = 9
3+Z!L=5 10 - Ul +2c =9
‘a'-—Sf&L A = w-|
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Q. Reduce A=z | | R o ednelon  feym
23
| c 2 2

and heace Find 4he Special tolufime




A+ Yt Az + 2 =0

= -y -z -At
¢ k<0, n: ]) =0
-4 -27 -2k -1 -1 -2
5 7—‘6 \ < 1 0 & 0
2 0 I o
v o o \

Q. Reduce A= 3 3 3 o ednelon HYM)
2 b 9 7 L2 echel m
- -3 3 4

ond hence Find Hae SPecial solub me

Azt 3 3 QL—>2,_-21,[ | 2 2 D\]
2 6 q 7 2| 0 o 3 1
- __; a lf 9\'5‘7 Rg'fa'

0 O b &

j/ 25 - R3—?—0~1.

[ 3 3 2L R Y?,Qz. | 3 3 B
©o o | I || o o 3 3 =
o (& D o O ©O (o] (o)



'l'l'g\o-tsz.f'l_k =0
7L+3\3—3t+u:=0
x '—6'53



Zioneas, WMBINATION

2.

3.

If Vie a vechw space ond v ,v,...v, are vecdors in
V, then U+ GQUt--- vy is & linear combination of +he
veckoys (G ,6 .- ¢y Ore Sealars)

i ¥he only linear combinahion of Vettors ¥t prodluces
0 zero vethy W the  Avivinl toluhm, the wvechr  are
lmenr\(\j independ ent

tvivial combinahion: 0v+ Ov, +...4 0y, =0

i\f there &ity obher wonero  Sealart (¢, ¢ ... ¢,) where ar
least tome tonstants are  wonzero ond ¥we \ineay combination
of the vedort produces ¥ae 2ero vectwr, ¥he vectovt are linearly
dependent

vectors Ore independent if null Space= 2ero vettoy

Plate vectvs v, v, ... vy3 0s columng of makrix A
Apply Gauttian eliminatim o A

If pivot edicks for every column, the vedrws are linearly
independent

4 Else, linearla o\epeno\evﬁ-



Ois. tneee & |1 )| [ are  independent n RS
9. ( 3
\ Y 7
3 3 |

Uov o [ Re2Re=2Ry | v | Reorgara v

A= 2 \ 2 o -l —3| 0 -l |

C a7 KV"“‘:_; o | ¢ o 0 17

2 3 || R34 o 0 -2

K4Rq+q/ '\3
pAdzn=2 v

\meadu independent- l | )

O I )

O o (7

D o o)

are independent in R?
d

I

13 Y)Reoteg [t 3 & Treokgter, [ U 3 4
pe |2\ 3[R0 8 S| T |0 -5 -s

Lo | ‘Lo -8 -> 0O o o

Blo. Uhetk whether [H,H ,{‘r
\
0

““e"lﬂ ole?mdem

PIRY=2, n=3



Columne of invertible $guare  mMatrix are  olways

indeperdent

2. Columns of modrix Apyn With men  are always
dependent

3. Columng of K are independent when

|

. The 'Y’ nonzero cows of echelon wakrix V and
reduced madria R arve always independent ond
So avre Yhe 'r' olumnt Yaat ctowtain the pivots

A Sweset S={v,,v,... vy1 of & vedor space is called o basis
for veder tpace V if

. § is a linear ir\o\e?mdevﬁ Set-

a. § Spans the vechr space Vv

3. Gvery vectsy in the Spatce tan ‘e vepresented ag o lineor
tombinaHen of e loatis vecrsrs

The dimention of he vetty Spae s the vumber of lbais
vecteve

Basis s moaximal independent set ond  minimal spanning set

Unigue way o Wete o vecksy v ot lineal combinakign of
bosis  vecters



rompley ok faay aky

. Basis of R

2. Bagis of R

3 Basis of 2ed  marices {'t o ,[Oll,
L DO 0o
Ke 01’[0 o]}

| (O ol

{66, ...,¢"

¢ Basis of n- o\earee po\snom'm\

8. Decide derdevxw &Y ir\o\epmo\eme of fhe follow'ma veohs

\Iebh‘{'s: (-‘)3)2)’ CQ)(;B‘)) (_3,2)1-)




Bits. Decide dependence & independence of fae «Qllowina vedhes

Ci,-3,2),  (Q,1,-» ,L—},z,l)

] 4] 0,92, +32, [ | X -3
A= -3 1 2 | — —| 0 -1
Z 3y g’1’—.,&.’;-:”(\ 0O ~ 7

JIAY=a <n=3 { Q2 -3
o 1 '7}
\Enear\\\ﬁ otepu\den\— O ©

8. Decide de?mo\evxce & independence of Hhre Fol(owivxa veches

,0 , @, 0,2
n-.[\ Q ']ﬂ%‘ U | ]
13 o (1)1

fr)=a £ n=3
“- \inearly o\eyemen}



Ba0- If w,, wy, Wa afe indepedent vecktrs. Show Haar e

oh€Ferences
V‘ > W'L"U\)S
Vs W -W, Ore  dependent
Vo= W, -W,
W, 1 W,, Wy O&fe indepanident
o w, + }w.,_i— st =0 D oL:F:Y z0
C(Wyorwy) + €, (W) + ey (W -W,) =D
W\CCa-\-CQ ¥ WQ_C C|’C}3 + wls( "C\ -t2) =0
Crtla =0 = C=-C,

¢ -Cy=0 =) ¢ =Cr=-C,

C‘-—“C,_ 5 C'L: Cz ) c.s - —CL

GrCG, €3 Can O3uwe nonzero values algo

Vi Vs, Yy ore lineacly dependent

Fiz\d e vaus oand hewce e dimension of Sulogpa ces of
[

6 AU vedtsre whote tomponents  ave egual
> A vertrs whote  tompenents  add  up b 2ev

Q.



0 & Compments oefine  imensin

x L
V= {n}e K*’V[’&}

2 X

% X
|

V-= 1_[|] . A € K% Subspace

)
|

posie =4 C1 117"

" dimengion = |

@) v—{ ?5 j e Iz eR3
1
_7_—3.,

\/:,?;‘1-[511, \é[(\) }{' ‘L!:c{)] Py, L ekg

basic: QE\OO—I]TD Lo 1o -lJT,Lo o (-I]Ti

o dimention =2



Gaa. Lt v be a subspace of 4D space Y guch Mok
%, ;
V= L|E R ) -2 47 - Xy® O
X3
Xy

find basit and  dimemsivn

Ko |~ 8
’l} ‘l}
X
¢ 2q
-|
V= Ly

l (
Ll X o | £ Aefo | a1y, ER
0 \ 0
) «

T 7 T
baais:i[l\oo] , -1 ol b]) Llool]&

dimen cing = 3



Ba3. Find o batis fiy eath of e {—‘ollowma subspaces of 2x2
Moatrices

@ AN o\ia&&v\oq matnces
AN Al sumwedyic rmandvices CAT=n)
any Al Skew Samme’d(t. watrices (AT=-R)

21 La b7 jyab,e,der

W‘S{LDO] [Oo] L ]’[3?))}

olimentigng =

G v—_[g { [ ]J. A[g ‘o]-.q,deL}
e LS L9 0]

dimengimng = 2

S I et B P R R R A |
sl WS D ARN LN AR

dimengims = 3



(D) V—,[o b]:{b o)]}
-b O -l o
bagis = %,};O I ]i Aimensins - |
-{o

four fundomentn) Subspaces of G Mawrix

) CL(A) — c(olumn Space
- tubspace of R
+ linear combinahans of column vectrt of A
v p(R) = dimensiomns (LLCAY) = k
- ‘basig of C(A) torresponds o columng Nm‘r\& O pivot
in echelm form of A

1) Clp’) - vow space
* subgpace of R
linear combination of vowe of A
gLRY= olim(CCATY) =k
- basit of CCA™) ic ser of row vechwt in A o in the echelm
form, worrecponding  to the pivots in  ednelon fom

3) N(A) - nu\l space
a\l solukmg of sytrem  Rx=0
tubspace of R"
f f(A)= Kk then AimIN(AY) = n-y

) N(AD-left null tpaces
- o\l solutions ﬁf 8\6t¥£m Mx=D
+ Substpae of R"
W oplAY= & dmen dim(N(ATY) = m- i
linear tombination of rows Hauk gves ©



1. The row space of Amxn is the column space of 4" .
It is spanned by the rows of A.

2. The left null space contains all vectors y for which 4y =0.
3. N(A) and C(AT ) are subspaces of R"
4. N(4") and C(A) are subspaces of R”
5. Dim C(A) = Dim C(AT ) =r =rank of A

6. Dim N(A) = n-r and Dim N(AT ) =m-r.
7. The dimension of the null space of a matrix is called its nullity.

RENK- NULLITY THEDREM

Aan
© dim CR) + dim NCAY= n = e ner)
' d\'M CCPST) t+ dim NCRT) =M = {‘.(-(‘y\-r)
Bay. letr A= [| ] Ro> Ro-3R, Y
3 6 0o O

m-f&‘ n=2 | =1

L CCA) s line tarough C1)3)

2. CCAY) iy e line Wrou{jh 0y2)




3. N(A) & the ling +hrovtrjf\ 201

EINEE

1*23 = 0
x;—&a

4 N(AT) & the line Hv\rmﬂv\ 30

column space
C(A)
multiples of (1, 3)

g ‘ nullspace N(AT)
row space C(AT) | nullspace N(A) A — {1 QJ multiples of (3, —1)

multiples of (1,2) | multiples of (2, —1)



Qas. Find dimensime and bacit for each of +he four fundamental
subgpaces of the  wadvix

{I 2 13| gaar-g T S
a: |1 2 1| 3 |—m 0o o o |
S Ry~ Ry-3R 5ol & |

ol e

o
<
;.
¢!
—N—
—\
— » —
—_ 9
|
P AT
- J
)
-~
=
3
A\l
}J



’L-\—Qta'l'L =0

x = -—&&6—7.
-—Q‘a—z -3 =1
- 0
\a - \ + 7
7 \0 0 \
0 o) 0
LC"' \0= C\ QV\A 7~"C1,
g g
NCA)= C‘ \ t ("L 0
0 [
0 0
olim = 2



Wtz =0 X+Wt371.=0

Lek \6=c x+C -3 =0
A:-C x =L
= (2, ¢, -c)

1] o]
(1]

olim = |

0. Obtawn N(AT)




N0 2ey0 C(OW§

NCAT)= O

N(K) = ): ]1
basis = [

0
0

0

0]

0
o)

827. find  N(AT)

1| | Fl
) Pﬂ”[l 2 ltl (ed = L 6
2t 8 -t -3 3y

T [l | X K;"’Rm’& [ | \
@ A= |1 3 4 - o |
| & 8 Ry IR~ R, o 2

fCA)‘-Z Let 23 k. \a_t. alL=0
n=3 \‘9="3\L

0
NCAT) : gk[—z] ) V.ekl
|

basis= 100 -2 137} dim> |

LAyivial  solution))

?3-9 23 ’$Rz

2 \ {
A |/ o 1
b o O

oL -QAx T AU=D
L=0

&
Y}

(o

|



;{ -‘ R.L'-‘)Q:_—zﬂ‘

L -3
9 3 Rq- K;’SQ,

&
S
@
‘l
—
P—
o
o o
e
A
3,
=
]
]
PW ow—

voa ol o [uoa- 1A -
0o 3 4 |[MNR 5 53 | ROk © o o
© o o o o 0 0 3 b
© O o 6 3 (J o 3 6
led 2=k

33-\-6)(:0 L-bk -k =0

a--ak €r=5k

Sk [ 5 s
-ak]—- \L-:\] = N(g') = L[—o\l keki
2 L L
basis: ([ S olim =

s

|

Qas. Find vectr space

(D ¢ =[o) (0) D=Lo -33 )= [o]
3

(@) ¢=lo]=1 (V:p=Lo 0]
= L]

Swallect vectw  space C=2= o]

sx:o.n \"



(b) = [_0 "51

; , \
< V= X-axis wm R

€)= [z]

V= 3’&)( is w R

B0 Find  column Space?{ null dpace

-3
CCF): { c‘[ Q]“' ¢, [ff
3

NLF) > br-24t =0

2-4t =0
lel ¢t:=k

Zz ki

N(F)=

-4 Kq,aaua, { -2 4 -H]
| \m————= 0 -2 | -3
N T L I S T

I/Rﬁ R, 1R,

4 4 -2 -y

vV = o -2 | -3
6 O b -2

-2
}‘%[}J\ G, G, Ge K{\ dim = 3

—1\6+z-3{=*0 -1 + AW - 8w - ki =0
A4k YK -2u=0
-—2\{3“\»_—3\«,:0 -xX -Sk =0
—Q‘AH«.-D A =-5L
g**h
-l0
\ c ek , dAim = |

3 ?
L



B. Find column tpace and null Space. (ive on examp\e of a woadvix

whose

col Space 1 tame 0f at of A bur e nall

is different.

[I 0] Ria= Ra-2g, [ | D}R,ﬁgs--s/,z,_[\ o
L 7 —2 o | o 1
s o] B%BoSR | 3 ® o
column space : wlumng Hatr have P‘wo’rs
| .
R 2 <l [+ & |CI>CL ER
s =4
i1 [o
Basis = A (.| 7
§ 3

L

w3 O

Dim(A) =

NCA) 2 Ax =0

‘ (o) ['l] - 0

0o 7 | LY o null Space Ncm-.[o]
2x)

o 0 0 D

Origir\

Spatﬁ-



tolumn space of B= C(8D =C(A)

I 0 §
B= [ 2 7 14
s 3

OR

Dlumng
Cs'—c‘ ‘\'C.L

CCp) = CCR)

null Space: Bot = O

Ya+71 =0 Xtz =0
Ytz =0
Let z= Kk

g wo



i) oo
- [

Oim(B) =/

Q» Let+ v= &(q\b)‘ >d> I b+c+d >0} QV\D\
W;i(&l)b)c)d)) Axh=p % C'—ad}

be Sub!PaLes of RY. find Dim( vAw)

Qa

V= b | , btetd=0
Cc
d

d=-c-b

SIRIRRHEHEH]

30 plane in RY



, Atb=0 and C=2d

<
‘I
S—r o o

)

‘\

|
Ls”

"

©
—
o ! -
-

N

S

, a,d eki

w s 2D Vlane, w et

Dim = Q

VOW btetd =0 © -a+dd+d= 03 a=3d
a¥l =0 =) b=-04 :-SA

c=2d
24 3
unw={ | -24 = ldf-3], d &R
24 2
a \
Dim (VAW) = |

Vvaw 8 a  AD ling in R*
sPomned by L3,-%,2,1)



B2, find UM and NLR) for  the ?o\lomr\a

2 4 -3 -y
6y A=| 2 -6 3 I
| -3 & a -3
rl A O 3
W) A= |3 > 6
a & Q
[ o "1 N
A bt R | g, aR,4R, -4 4 -2 Y
i p=| 2 -t 3 1 [—> o-:t\-s]
-2 8 a -2 Ry Ry=3/5R, o 2 s 2

Rasis =

o]

il

Y
-6
8

|
b

Dim =3

-2
2
-3

Q% 2y
0 = o -4 I -3
(v} 0] 6 (0]
’—z]l
tCy | 3
2

I
L



NCA) A =0 ()4 U =0
(2 =0 ‘2!3—3&, =0
1=0 et =k

"Qn =23
_'_3\L
Y
-
N(R) = L k| =3 | , kk eER
o}
Q
Oim = |

923 Redwee 4o RREF ond determine

Pivo{- variab\es.

=

24y =
¢ A=|?A "3 2
LI 3 -2
/o Q 3
amp= | | \
\-\ 3 4
© o 0

QQSi\S s

“Ar-pl t k=0
-2%x -Ak=b

X=-\

-1
5 }
o)
L

Io\enh‘Fﬁ free §



LU i T N Y S 3 2 4 -3 -2
® p=|]} 3 2 -§| —= [ o | - 1
3 o2 o3 d R, e 2
S G 3 T B T, S
o \ -l -7 G-—T o « - 1
o o | 20 ) R728 |o o w w
Ri=3 Ry +5)2Rs
l R R+ Ry
| U o 24 g>R-2%,| | 0 o 3
O | ol |/ o 1 o0 13
O o | 2o o o | 2o
fank = 3 free  variables = ¥ pivot  variobles= =z, 4,2
0O & 3 1 [ O N |
SR, R
et 1 Re] s g g g | LB
v 3 4 8 | 3 4 8 |
O 0 o | (v} o) O |
{ I ( ( Ry > Ra—f \ \ \ (
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